A useful relationship between the fractional Fourier transform power spectra of a twodimensional symmetric optical beam on the one hand and its Wigner distribution on the other is established. This relationship allows a significant simplification of the standard procedure for the reconstruction of the Wigner distribution from the field intensity distributions in the fractional Fourier domains. The Wigner distribution of a symmetric optical beam is analyzed, both in the coherent and in the partially coherent case.
Introduction
The characterization of coherent and partially coherent optical fields by means of the Wigner distribution [1, 2, 3] became a usual approach since the method of its reconstruction using phase-space tomography has been proposed [4, 5] . Nevertheless, the application of the Wigner distribution for the analysis of optical signals has some weak points. First of all, the Wigner distribution of a two-dimensional optical field is a four-dimensional function, which is difficult to represent graphically. Beside that, the reconstruction of this function using phase-space tomography demands to perform twice the complicated inverse Radon transform. These difficulties could be minimized if the optical field exhibits a certain symmetry, which is the case for a variety of optical beams used in practice.
In this paper we analyze the structure of the Wigner distribution of point-symmetric and rotationally symmetric optical beams and we propose a simple method for its reconstruction from the measurements of the beam intensity distributions at the different transversal planes during propagation through a first-order optical system. This method can be used if -due the physical nature of the optical field -we know that such symmetries occur. As an example of a first-order optical system we consider one that performs a two-dimensional fractional Fourier transformation. The generalization to other first-order systems described by the canonical integral transform can be made by rescaling the intensity distributions. In Section 2 we derive a useful relationship between the Wigner distribution and the fractional Fourier transform, which relationship significantly simplifies the reconstruction of the Wigner distribution in the cases of point-symmetric and rotationally symmetric beams, as will be shown in Sections 3 and 4. In Section 5 we discuss the generalization of the results to the case of partially coherent symmetric optical fields.
Rotation of the Wigner distribution under two-dimensional fractional Fourier transformation
In general the Wigner distribution (
-which in the context of this paper corresponds to the complex field amplitude of a coherent field -is defined as
or, equivalently, expressed in terms of the Fourier transform (FT)
where
Note that if we put q = 0 in Eq. (2), we have the following relationship between the WD W f (x 1 , x 2 , u 1 , u 2 ) along the plane u 1 = u 2 = 0 and the two-dimensional FT F π/2 (u 1 , u 2 ):
Let us consider the WD under fractional Fourier transformation. The two-dimensional fractional FT F α 1 ,α 2 (u 1 , u 2 ) of a function f (x 1 , x 2 ) can be defined as [6, 7, 8] 
where the partial kernels K(α n , x n , u n ) (n = 1, 2) are given by
Note that, in particular, F 0,0 (u 1 , u 2 ) = f (u 1 , u 2 ), and that F π/2,π/2 (u 1 , u 2 ) corresponds to the normal two-dimensional FT.
It is well known (see, for example, [4] or [9] ) that the fractional FT corresponds to a rotation of the WD in the space-frequency planes (x 1 , u 1 ) and (x 2 , u 2 ). This rotation can best be described by introducing polar coordinates in these planes:
We will use the notation W f (R 1 , β 1 , R 2 , β 2 ) for the representation of the WD in this coordinate system. Since the two-dimensional fractional FT (5) corresponds to a rotation in the two spacefrequency planes (x 1 , u 1 ) and (x 2 , u 2 ) through the angles α 1 and α 2 , respectively,
and choosing β 1 = β 2 = 0 in this scheme, we obtain that
Thus, on the analogy of Eq. (4), we obtain that
This equation shows a simple relationship between the fractional FT and the WD of a given function through the FT. It may be useful for the calculation of the WD, but its application in optics is unlikely because of the required phase measurements. The general method for the reconstruction of the WD from the fractional FT spectra |F α 1 ,α 2 (u 1 , u 2 )| 2 is based on the inverse Radon transform [4, 5] . Nevertheless, Eq. (10) can be used for the reconstruction of the WD of symmetric optical fields.
Wigner distribution of point-symmetric beams
Let us consider a point-symmetric function f (r),
which, with the + sign, is often used as a model for an optical beam. It is easy to see that the WD of such a function is also point-symmetric:
From Eq. (6) it follows that K(α n , x n , −u n ) = K(α n , −x n , u n ), and we conclude that the fractional FT of a point-symmetric function is point-symmetric, as well:
This implies that for point-symmetric functions Eq. (10) reduces to
The WD of a point-symmetric function can then be found as the inverse FT of its scaled fractional FT spectra |F α 1 ,α 2 (u 1 , u 2 )| 2 . In order to do this, one has to fix the angle α 1 , say, and measure or calculate the fractional power spectra for α 2 ∈ [0, π], then change to a different angle α 1 and repeat the procedure, and so on. Because of the symmetry of the WD [see Eq. (12)], the regions of the angles reduce to α n ∈ [0,
In general, if we take N points for every angle α n (n = 1, 2), we need N 2 fractional FT spectra in order to reconstruct the WD.
Wigner distribution of rotationally symmetric beams
In this section we show that in the case of rotationally symmetric optical beams, described by
with ρ 2 x = |r| 2 = x 2 1 + x 2 2 , the number of fractional FT spectra that we need for the reconstruction of the WD, can be reduced to N . Note that a rotationally symmetric function is a particular case of the point-symmetric one and that, with the + sign, Eq. (14) is valid for it, as well. Moreover, with ρ 2 u = u 2 1 + u 2 2 , its two-dimensional FT F π/2 (u 1 , u 2 ) reduces to the Hankel transform (HT) H π/2 (ρ u ):
with J 0 the 0-order Bessel function of the first kind. The WD of the rotationally symmetric function f (x 1 , x 2 ) = f (ρ x ), expressed in the standard polar coordinates (ρ x , θ x , ρ u , θ u ), can be written as
where r (+)
and
The explicit relationships between the two coordinate systems (R 1 , α 1 , R 2 , α 2 ) and (ρ x , θ x , ρ u θ u ) read [cf. Eqs. (7) and (20)]
It is now easy to show that
which implies that we can treat the four-dimensional WD as a three-dimensional function, because
In particular we have the relationship
From Eq. (23) we conclude that, in order to find W f (ρ x , θ x , ρ u , θ u ), we can put either θ x = 0 or θ u = 0; in [10] , in which the WD of a circular aperture was studied, the choice θ x = 0 was made. In the present paper we take θ u = 0, which is the same as putting α 2 = 0 if the coordinate system (R 1 , α 1 , R 2 , α 2 ) is used, see Eq. (21). Therefore, in order to reconstruct the WD completely, we have to find only W f (R 1 , α 1 , R 2 , 0). From Eq. (14) we then get the FT relationship
which reduces to a Hankel transformation in the particular case that α 1 = 0:
with R 2 = R 2 1 + R 2 2 . From Eq. (25) we conclude that for the reconstruction of the WD of a rotationally symmetric function, we need only N fractional FT spectra |F α 1 ,0 (u 1 , u 2 )| 2 . Moreover, we note that, in general, the WD of rotationally symmetric functions cannot be obtained from measurements of the intensity distributions in rotationally symmetric first-order optical system.
If we put α 1 = α 2 = α in Eq. (14), we will find that the slices of the WD W f (ρ x , θ, ρ u , θ) for any θ x = θ u = θ, depend only on R = R 2 1 + R 2 2 , and not on R 1 and R 2 . Indeed, in the case of a rotationally symmetric function, the two-dimensional symmetric fractional FT (5), which is also rotationally symmetric, reduces to the fractional HT [11] 
For the special case α 1 = α 2 = α, Eq. (14) then takes the form
Hence, a fractional Hankel transformation produces a rotation of the WD along the plane θ x = θ u = θ, where the slice of the WD is rotationally symmetric:
with
Note that the fractional Hankel spectra |H α (ρ u )| 2 do not add any new information about the WD to what we have already obtained from the Hankel spectrum [see Eq. (26)]. We also remark that, as it follows for example from Eq. (17), only the WD of the Gaussian beam f (ρ x ) = A exp(−aρ 2 x ) does not depend on the angles θ x and θ u and can thus be represented as a function of R.
Partially coherent symmetric beams
Although the previous considerations have been devoted to coherent symmetric fields, the main results are also valid for the case of partially coherent ones. In order to prove this, let us represent the two-point correlation function G(r 1 , r 2 ) of a partially coherent field as a linear superposition of the orthonormal modes g m (r) [12] :
The WD in the case of the partially coherent fields [2] is given by
and can be expressed as
It is easy to see that if all modes g m (r) exhibit a certain type of symmetry, then the WD of the partially coherent field has the same properties as the WD of a coherent field with the same symmetry. Because of the orthonormality of the modes, one can conclude that if
or rotationally symmetric [cf. Eq. (15)],
then the modes g m (r) have the same type of symmetry, and vice versa. The results obtained for coherent symmetric beams in the previous sections are thus also valid in the case of partially coherent ones, if the symmetry of their correlation functions can be expressed by Eq. (35) or (36).
Conclusions
It has been shown that symmetry of the complex field amplitude or the correlation function of an optical field leads to a certain symmetry of its WD that significantly simplifies the task of its reconstruction from the two-dimensional fractional FT spectra. In particular we have obtained that the WD for a field with point symmetry is related to the fractional FT spectra through a Fourier transformation. This implies that, unlike in the general case, one need not apply the complicated inverse Radon transform in this point-symmetric case. Moreover the point symmetry reduces the region of angles α n where the fractional FT spectra have to be measured, from [0, π] to [0, 1 2 π]. In the case of rotational symmetry the number of required fractional FT spectra reduces even more: if for a point-symmetric field one needs N 2 spectra, then in the case of rotational symmetry only N fractional asymmetric FT spectra are required in order to reconstruct the WD.
It has been shown that, in spite of the rotational symmetry of the optical field, its WD cannot be reconstructed from the fractional HT alone, but that the asymmetric fractional FT spectra are needed. In particular this means, as was also discussed in [13] , that rotationally symmetric fields cannot be completely identified by their propagation in the paraxial approximation in free space, if only the information about the intensity is used.
